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Abstract 

The complete elliptic integrals are generalized by using the gener¬ 
alized trigonometric functions with two parameters. It is shown that a 
particular relation holds for the generalized integrals. Moreover, as an 
application of the integrals, an alternative proof of a result for a family 
of means by Bhatia and Li, which involves the logarithmic mean and 
the arithmetic-geometric mean, is given. 
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1 Introduction 

In this paper, we deal with a complete {p, q)-elliptic integral of the first kind 

d9 D dt 

— fc'J sin^ q 0)^”? Jo [1 — t^)p [1 — kH‘iY~p 
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where sirip ^ 9 is the generalized {p, g)-trigonometric function and vTp g denotes 
the half-period of siup g 9. The function siup g 9 and the number vTp g play 
important roles to express the solutions (A, u) of inhomogeneous eigenvalue 
problem of p-Laplacian = X\u\'^~‘^u with a boundary condition. 

See Section 2 for the dehnition of siup^g^ and vTp^g; also HEllTli for details. 
For p = g = 2, it is easy to see that siup g^, TTp^g and /Cp^g(fc) are identical 
to the classical sin^, vr and JC{k), respectively, where /C(fc) is the complete 
elliptic integral of the first kind 

d9 dt 

-k^sm^9~ Jo ^/{l-t^){l-kW)' 

Moreover, ICp^qik) for p = g has been already studied in [9]. 

In this paper we will apply the complete (p, g)-elliptic integral /Cp_g(fc) 
to study a family of means defined by Bhatia and Li [2] and to give an 
alternative proof of their theorem. 

For a while, we will describe a part of the study in [2]. Let a and b be 
positive numbers. The logarithmic mean L(a, 6) of a and h is dehned by 



L(a, h) 


a — b 

log a — log b 
a 


(a ^ b), 
{a = b). 


The arithmetic-geometric mean AG(a, b) of a and b is defined as follows: Let 
us consider the sequences {an} and {bn} satisfying 


^n+1 — 


“ 1 “ bft 


bn-\-l \/ ^Tibw) ^ 0 , 1 , 2 , . . . 


with ao = a and Bq = b. The sequences {a^} and {b^} converge to a common 
limit, and 

AG(a, 6) := lim = lim b^. 

n—>-cxD n—>-oo 

It is known that L(a, b) and AG(a, b) have integral expressions as 


1 _ dt 

L{a,b) Jq {t + a){t + b)' 

1 _ 2 /■“ dt 

AG{a,b) Jo + a‘^)^t^+¥)' 
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Indeed, the first one follows from direct calculation of the right-hand side 
and the second one is a celebrated result of Gauss (e.g., [H Theorem 3.2.3] 
or |3l Theorem 1.1] with setting btanO = t). 

Motivated by these expressions, Bhatia and Li introduced an interpolating 
family of means Mp(a, b) by 


1 

Mp(a,6) 



dt 

{{tP + aP){tP + bP))p’ 


P e (0,cx)), 


where Cp is dehned to satisfy Mp(a, a) = a, hence. 


1 


dt 


Jo (1 + tP) 

Moreover, Mq is dehned by taking limit; 


Mo(a, 6) = lim Mp(a, 6) = 


p —>-+0 


Clealy, Mi (a, 6) = L(a,6) and M 2 (a, 6) = AG(a, 6), thus Mp{a,b) is a gener¬ 
alization of L(a, 6) and AG(a, 6). It is easily seen that Mp{a,b) is a binary 
symmetric mean of positive numbers a and b, that is 

(i) min{a, b} < Mp(a, b) < max{a, b} 

(ii) Mp(a, 6) = Mp(6, a) 


(hi) Mp(aa, ab) = aMp{a, b) for all a > 0 

(iv) Mp(a, b) is non-decreasing in a and b. 

They studied relation between Mp(a, b) and Kp(a, 6), the power difference 
mean of a and b. This is dehned for any p G M and a, 6 > 0 by 

(p-I aP -bP 
Kp(a, &) := < p CbP~^ - bP-^ 


where it is understood that 


a 


(a ^ b), 
(a = 6), 







For more details of Kp(a, b), see [H E] and the references given there. 

These two means are related in the following sense. It is easy to check 
that 1/Mp(a, b) can be written as = a^s~^) 



and 1/Kp(a, 6) also admits the following integral expression: 



( 1 . 1 ) 


Thns 1/Mp(a, 6) and 1/Kp(a, 6) are the weighted mean with the beta distri- 
bntion and with the continnons nniform distribntion of the fnnction (a^(l — 
s) + respectively. 

They conclnded the following theorem with easy bnt technical calculation. 
But, it is hard to say that these calculations are natural. 

Theorem 1.1 ([2])- Given a, b > 0 and a ^ b, we have 

(i) Mp(a, b) > Kp(a, b) ifO<p<l 

(ii) Ml (a, 6) = Ki(a,6) 

(hi) Mp{a,b) < Kp{a,b) if p > 1. 

In this paper, we will give an alternative proof of Theorem 11.11 Using 
the complete {p, g)-elhptic integral, we can easily give a hypergeometric rep¬ 
resentation fll.2p in Theorem 11.21 below for 1/Mp{a,b). Applying a formula 
of hypergeometric function to (II.2p and (11.41) . we have (11.31) and (II.5p . We 
emphasize that Theorem II.II of Bhatia and Li follows immediately from The¬ 
orem 11.21 with comparing only the third parameters of fll.3p and fll.Sj) . 
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Theorem 1.2. Let p G (0, oo), p 7 ^ 1 and x G (0, 1]. Then 


1 

Mp(l,x) 


1 

Kp(l,x) 


—icr.r(a-x<-)h 

Tip* p 


F 


1.2 

I ? 5 5 

\P P P 



1 


/I + p / 1 1 1.1 1. 


1-xP' 
1 + xP 


F(^l,^;2;l-xPy 

V 2 j \^’^F2'2’\TTxf) j 


( 1 . 2 ) 

(1.3) 

(1.4) 

(1.5) 


Therefore, Theorem \l.l\ immediately follows. 

Moreover, we define a complete {p,q)-elliptic integral of the second kind 

W^):= {1 - k^ smlJ)p d9 = dt. 

It is clear that £^ 2 , 2 (^) is identical to the complete elliptic integral of the 
second kind 


Sfk) = j \/1 — k'^ sin^ 9 dO = J ^ ^ 

Then, we can show the following relation for p ^ q. 

Theorem 1.3. Let p, q G (1, cxd) and k G [0,1). Then 

p£p,q{kT)K:q^p{kp) - qlCp^q{k~^)£q^p{kp) = ^ 

This paper is organized as follows. In Section 2 we prepare properties 
of the complete {p, g)-elhptic integrals and show Theorem 11.31 Section 3 is 
devoted to give a proof of Theorem 11.21 and an alternative proof of Theorem 

o 

Thronghont this paper, we write P := (0,1) U (1, 00 ). 
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2 Complete (j9, g)-elliptic integrals 

Let p and q be real numbers satisfying p* := p/{p — 1) >0 and g > 0 (note 
that p is allowed to be negative). The (p, g)-trigonometric function siup ^a; is 
the inverse function of 

• -1 r rn 11 

sm x:= -r, 

Jo (l-f?)? 

Clearly, sinp^qX is increasing function from [0,7rp,q/2] onto [0,1], where 

_i dt 2/1 1\ 

TTp^q := 2 sm J 1 = 2/ -r = • 

I- (l-t 9 )F q \P* qj 


For X G 


Jo 
I dehne 


These 


cC'Op q JU • 

functions satisfy, 


[0,7rp^q/2), we also 

/I • q 1- SiUp g . 

coSpgX := (1 - sin^^a;)-!, tanp„a; :=—— 

COSp,g 

for X e (0,7rp,g/2), 

cos^ g X + sin^ X ■■ 
q 

COS^,qX, 


X 


■I, 


jX) 


iX 


(COSp g 

{cOS^qX)' 


sinp,g: 

1 —-^ 

sin^“^ a; coSp,g^ x. 


q ■ q-l 

— sm^_ X, 

p¥ P^Q ’ 
— 1 — 

(taup^g x)' = coSp,g ^ X. 


Now, for any k G [0,1) we dehne the complete {p,q)-elliptic integral of 
the first kind and of the second kind as follows. 


/Cp,g(/c) := 


^v,q 

2 


dd 


dt 


0 {l — k^sml 6)p* Jo {1 — t^)p [1 — kH‘^yi 


, '^p,q 

2 


1 / 1 — k^t^ \ p 

Sp^q{k) := I (1 —/c® sin^g 6*)p(i6* = / -— | dt. 

Jo ’ Jo 


1 -t<? 


It is easy to see that fCp^q{k) is increasing on [0,1) and 


Hr, 


^p, 9 ( 0 ) = /Cp,g(A;) = cx), 

z fc—>- 1—0 
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and £p,q{k) is decreasing on [0,1) and 

4 , 9 ( 0 ) = lim 4,g(/c) = 1, 

Z k^l—0 

The functions lCp^q{k) and £p,q{k) satisfy a system of differential equations. 

Proposition 2.1. 


q{£p^q - /Cp,g) dJCp^q _ Sp^q - (1 - k‘^)ICp,q 

pk ’ dk k{l — k^i) 



d I — COSp^q 6 \ 

V (1 — / 

_ ^ d{l-k^ sinl q 9) - ^k^^ sin^~^ 9 coslg 9 

(1 — ki sin^ g 6)'^~p 
q{l - k'^) sin^“^ 0 
p*{l — /c”? sin^^g 9)‘^~p 
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so that we use integration by parts as 


dK 


'P,Q 


^p.q 

— 


-1 


d 


— COSp^q 9 


dk 


Iq 1 k’i dO Y (1 —/c'Jsin^ g 0)^ p 


siup^g 6 dO 


k^ 


-1 


l-ki 

l-k<i 


+ 


— coSp,g 9 sinp^q 9 

(1 - k^ sm'^p g9Y~p 

1 1 — k‘^ smd 9 — {1 — k^) 


^p,q 

2 




-1 


^P,Q 

2 


dB 


l-kiJo {1-k^sml g9y-p 


k<i 


{l — kisml 9)^ p 


■d9 


k{l - ki) 


(£:p,q-(l-F)/Cp,q). 


This completes the proof. □ 

Proposition 12.11 now yields Theorem 11.31 

Proof of Theorem 11.31 We will differentiate the left-hand side of fll.6p and 
apply Proposition 12.11 A direct computation shows that 


- (l^P,q{k^)^q,p{k^) 

= P ■ ■ ^q,pi.kh 

+ p8p^q{k~^) ■ {^q,p{kh - (1 - k))Cq^p{kp)) 

- Q ■ k) k)lCp^q{k~p)) ■ 8 g,p(kp) 

- Q^p,g(kl) ■ ^(^q,p(^^) - ^q,p(^h) 


= 0 . 


Therefore the left-hand side of fll.6p is a constant C. Letting k 
obtain 

/-y '^P Q '^Q p '^p Q '^Q p ^'P Q^'^p q'^Q P 

C = P~^~^ ~ ^~2~2 ^- 4: ^ 

and the proof is complete. 


0, we 


□ 






























For a real number a and a natural number n, we define 
, , T(a + n) , 

{a)n ■= —— = (a + n - l)(a + n - 2) ■ • • (a + l)a. 
i [a) 

We adopt the convention that (a)o := 1. For |a;| < 1 the series 

{a)nib)nx"' 


F(a,6;c;x) := ^ 


n=0 


(c)n n\ 


is called a Gaussian hypergeometric series. See [T] for more details. 
Lemma 2.2. For n = 0,1, 2,... 


^p,q 

2 


(-) 

r.\^qn a 


Proof. Letting sin^ ^ 9 = t, we have 


^P><? 

2 


Moreover, 


sm'iiede = - [ dt = -B (n+-,- 

q Jo q \ q p* 


P,Q 




q 


q p’ 


and the lemma follows. 

Proposition 2.3. 




q \q p 


Br-A 

\q^ p* 

I 1 


7rp,qr(n+ -)F(- + 


q 


2 r(i)r(n + i + i) 


'Xp,q 


2 (^ + 2).’ 


□ 


TTr) 


ICpJk) = ^F(f,lf + lk‘'], 

2 \p* q p* q ' 


^P,qik) = 


vr, 


p,q 


—+ --k^ ) . 
p q p* q 
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Proof. Binomial series expansion gives 


I 


2 


(1 - d9 = 


oo 



/ 


'^p,q 

2 


ICp,q{k) 



n=0 


Here, using Lemma [2.21 and the fact 


(- 1 ) 



we see that 



The proof of Sp^q{k) is similar, so that we omit it. 


□ 


3 Proof of Theorem 11.2 


By properties (ii) and (iii) of binary symmetric mean in the introduction, we 
may assume that a > b > 0 and it is enough to consider Mp(l,a;) for any 
X G (0,1] instead of Mp(a, b). 

The following is a fundamental quadratic transformation of hypergeomet¬ 
ric functions. For the proof, see for instance [H Theorem 3.1.3]. 

Lemma 3.1. For all x where the series converge 



Now we are in a position to prove Theorem 11.21 Let p G P. Setting 
t = xtanp* p6' in the right-hand side of 
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we have 


Mp(l,x' 


— Cri 


Cn 


— C 71 


X coSp^p 9 dO 


'0 {xPta.np,p6 + l)p{xPiax!Fp,p9 + xp)p 

^P* ,P 

de 


'0 (coSp* p9 + xP siiip* p9)p 

^P* -P 

de 


>^0 _ (^1 _ xP) sirip* p 9) 

= Cp/Cp*,p((l -xP)p), 


where 


dt 


TT, 


P ,P 


^p do {1 + tP)p ^ 
Thus, Proposition 12.31 yields (II■2p . i.e., 

1 =f(^- Ih-x^ 

Mp(l,a;) Vp’p’p’ 


Applying Lemma EH] with a = h = 1/p and x replaced by 1 — to (II.2p . we 

have fll.Sp . 

Next, recall that 1/Kp(l,a;) can be written as fll.ip . As in the proof of 
Proposition 12.31 we obtain 


Kp(l,x) 


= / (1 — (1 — x^)s) p ds 


CO /— 

„-n V ^ / Jo 

(1 - xT 


n=0 
00 /In 

E \pJn 

(n + 1)! 

n=0 ^ ’ 


= F(l,-;2;l-a:^>), 


which implies fll.dp . Applying Lemma ITT] with a = l, 6 = 1/p and x replaced 
by 1 — to the last series, we have (II.5p . Therefore, we accomplished the 
proof of Theorem 11.21 
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Theorem 11.11 immediately follows from Theorem 11.21 Indeed, we assume 
p G P. Comparing the third parameters of fll.3p and fll.Sp . we can see that 

1 ^ 1 _ 1 1 ^ 3 

Mp(l,a;) < Kp(l,a;) ^ p + 2 > 2’ 

hence 

Mp(l,x) ^ Kp(l,a:) P ^ 1 - 

We leave it to the reader to verify that Mo(a, b) > Ko(a, b). 

Remark 3.2. Motivated by the expression in [2]: 


1 

Mp{a,b) 


oo k—1 

(max{a,6})“^^ JJ 

fc=0 i=0 


Cp + ^f 1 
- i k\ 

p 


/ min{a, b} 
\max{a, b} 


(3.1) 


Nakamura [6l Remark 3.9] also indicates that 1/Mp(l, x) is nothing but fll.2p . 
On the other hand, our proof gives fll.2p without deducing fl3.ip . 

Remark 3.3. Each mean of L(a, 6), AG(a, b) and Kp(a, b) has the other char¬ 
acterization than the integral expression. It is of interest to characterize 
Bhatia-Li’s mean Mp(a, b) with no use of integral, but we have not been able 
to do this. 
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